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A table of two hundred zeros of the derivative of the modified 
Bessel function Kn(z ) and a graph of their distribution (*) 
B. Drachman and C. I. Chuang (**) 
The zeros of  the derivative of the modified Bessel 
function of  second kind, Kn(Z ), are important in the 
study of  scattered waves. See [1, 2, 3]. 
The paper contains a graphical representation f some 
200 zeros of  K" (z), n = 1, 2 ..... 59 characterizing this 
distribution in tnhe second quadrant of the complex 
z-plane. Since the zeros occur as complex conjugates, 
there is a symmetric distribution of zeros in the third 
quadrant. A table of  the roots is also included. 
Here follows a description of the computational 
method which was used. I fz is in the second quadrant, 
i.e. z = -u +iv, u,v > 0, then by the formula for 
analytic continuation [4, p. 80], we have : 
Kn(--u+jv ) = (-1)nKn(u-jv) - IrjIn(u-jv ). 
We also make use of 
= _. l[Kn_l(u_jv ) + Kn+l(u_jv) ]Kn(u-jv) 
1 
and In(u-jv ) = 2 [In-l(u-jv) + In+ 1 (u-jv)] 
In the right half plane, Kn(CO ) and In(CO ) have integral 
representations 
OO 
Kn(co)~f 0 e-CO cosh. t cosh (nt) dt 
1_ fo g eco cos t cos (nt) dt, n ~ {0, 1, 2 .... ) In(co) = 7r 
[4, p. 181, formulas (4) and (5)]. So Kn(-U+jv ) = 0 
is equivalent to 
(-1) nMA(n, u, v) + QA (n, u, v~ = 0, (1) 
(-1) nNA(n, u, v) + PA (n, u, v) = 0, u,v > 0 (2) 
which constitute a system of two equations with two 
unknowns. In the above, the following notation is 
used : 
FA (n, u, v) = F(n-1, u, v) + F(n+l, u, v) where 
2 
F = M,Q, N,P (3) 
(n, u, v) = ( e -u cosh t cosh(nt) cos (v cosh t)dt and M 
(4) 
OO 
N (n, u, v) = f0 e-u cosh t cosh (nt) sin (v cosh t)dt 
(5~ 
If 
P (n, u, v) = f0 eu cos t cos (nt) cos (v cos t) dt (6) 
sr 
Q (n, u, v) = f0 eu cos t cos (nt) sin (v cos t) dt (7) 
For computational purposes, the following recursion 
formulas may he derived directly, or else deduced from 
the recursion formulas for K n [4 p. 79 formula (1)] : 
v 2n N v 
Nn+l u Mn+l=-~"  n+Nn-1- -Mn-1  (8) 
U 
v =2n M +v +Mn 1 (9) u Nn+l +Mn+l u n u Nn-1 - 
which imply 
Nn+l = 
(__~ Nn +Nn_l_ v Mn_l) +v 2n +v u (--d-Mn WNn-I+Mn-1 )
Mn+ 1 = 
[1 + (v);21 (10) 
( 2tin M n + v Nn_l +Mn_ 1)_v (.~-Nn+Nn_l _v  Mn_l) 
[1 +(v)2] (11) 
In equations (8) - (11), M(n,u,v) and N{n,u,v) are 
written as Mn,N n. The expressions M0,MrN0,N 1 were 
computed using numerical integration, and then for 
larger n, M n and N n were computed using (10) and (11), 
hence MA(n,u,v) and NA(n,u,v) were determined. 
There are similar recursive formulas for Pn and Qn' but 
they appear to be numerically unstable. Instead, Qn 
and Pn were computed irectly, applying numerical 
integration to (6) and (7). 
The formulas 
a 
~-G Mn = -MAn = -a-~ Nn (12) 
8-~ Mn = -NAn = ~u Nn (13) 
aQ n aP n 
au - QAn = av (14) 
aP n 
aQn-  PA n - (15) 
av  au  
were used in computing the Jacobian, i.e., the 
denominator J in Newton's method. That is, given two 
equations with two unknowns 
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f(u,v) = 0 
g(u,v) = 0,  
the iterative scheme can be formulated as 
ui÷ 1 = ui-(f. ~v- v ~f -g ' )  (ui,vi)/J (ui,v i) 
vi+ 1 = vi-(g.~-~ f - f.~°~uu ) (ui,vi)/J(ui,v i) 
where our system of two equations is (1)-(2). 
The first few zeros of Kn(z ) near the origin were 
computed separately, and then the two roots closest 
to the negative real axis which initiate several arc- 
shaped collections of  zeros of Kn(z ) were computed, 
using linear extrapolation of the previous two roots 
as starting value for Newton's iterative method. The 
same technique was used along each arc in the vertical 
direction (of increasing imaginary part). 
No self-consistent analysis has been carried out. How- 
ever, our calculations agree with thos of Randall [3], in 
which table 2 lists the zeros of Kn(z ) for l~n~ 10. In 
addition, we were able to compute some roots of 
Kn(Z ) = 0 in the range 10 < izl < 20 using a program 
written by M. Goldstein (Catalogue C3, NYU, DES4) 
on the basis of  Mueller's method, and in all these 
cases there was agreement. 
The computer program was written to calculate about 
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fifty zeros along each arc. The program reached its 
time limit when it was about halfway on the fifth arc. 
At this point In(-z ) becomes difficult to compute 
directly using its integral representation, and if one 
wanted to continue the program using this approach 
one could presumably use a numerical integration 
method based on "steepest descent" methods. 
The roots of  Kn(-U+iv ) = 0 are listed as they appear 
on the arcs in figure 1. Since Kn(z ) has 
m= n~-.[ '-1+(-1)n] zeros, occurring as conjugate pairs, 
2 
we have arranged the roots in the second quadrant 
from s = 1 to m as u increases. That is, if s = 1, we 
2 
have the zero of  mn(-U+jv ) with smallest u, for 
n= 1,2 ..... With s=2 we have a second zero of  
Kn(-U+iv ), n=3,4,.., with a somewhat larger u, etc. 
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TABLE1. TherootsofK~(-u±jv) n s u 
n s u ±v 8 2 3 ,6087 
9 2 3 ,8221 
1 1 .64355 .50118 I0 2 4 ,0176 
2 1 .83455 1 .4344 ii 2 4 ,1985 
3 1 ,96756 2 .5739 12 2 4 .3672 
4 1 1 .0728 3 .3221 13 2 4 .5255 
5 1 1 .1612 4 .2769 14 2 4 .6749 
6 1 1 .2383 5 .2366 15 2 4 ,8165 
7 1 1 .3071 6 .2002 16 2 4o9512 
8 1 1 .3694 7 .1667 17 2 5 .0798 
9 I 1,4267 8 ,1358 18 2 5 ,2029 
10 1 1.4797 9 .1069 19 2 5 .3210 
11 1 1 .5293 i0 .080 20 2 5 .4347 
12 1 1 ,5759 11.054 21 2 5 .5443 
13 I 1 .6200 12,030 22 2 5 .6501 
14 1 1 .6618 13 .007 23 2 5 .7526 
15 1 1.7017 13 .985 24 2 5 ,8518 
16 I 1 ,7398 14 ,964 25 2 5 ,9#80 
17 1 1 .7763 15 ,943 26 2 6 .0416 
18 1 1 .8114 16 .924 27 2 6 .1525 
19 I 1 .8452 17 ,905 28 2 6 ,2211 
20 I 1 .8778 18 .887 29 2 6.3074 
21 1 1 .9093 19 .869 50 2 6 .3916 
22 1 1 .9399 20 .852 31 2 6 ,4738 
23 1 1 ,9695 21 ,835 32 2 6 ,5542 
24 1 1 .9982 22 .819 35 2 6,6327 
25 1 2.0262 23 .805 34 2 6 .7096 
26 1 2 .0534 24 ,788 35 2 6.7849 
27 1 2 ,0800 25 .773 36 2 6 .8587 
28 1 2 ,1058 26 .759 37 2 6 .9510 
29 1 2 .1311 27 ,744 38 2 7 .0020 
30 1 2 .1558 28 .730 39 2 7 .0716 
31 1 2,1799 29 .717 40 2 7 .1400 
32 I 2 .2035 50 .703  41 2 7 .2072 
33 1 2 ,2266 31,690 42 2 7 .2752 
34 1 2 .2493 32,678 43 2 7 .3382 
35 1 2,2715 33,665 44 2 7,4021 
36 1 2 ,2933 3~%653 45 2 7 .4649 
37 1 2 .3147 35 ,640 46 2 7 ,5268 
38 1 2 .3357 36 .629 47 2 7 .5878 
39 1 2,3563 37.617 48 2 7.6478 
40 1 2 .3766 38 .605 49 2 7 .7070 
41 1 2.3965 39 ,594 50 2 7 .7653 
42 I 2 .4162 40 .583 51 2 7 .8228 
43 1 2 .4355 41 ,572 52 2 7 .8795 
44 1 2.4545 42 .561 53 2 7 .9355 
45 I 2.4732 43 ,551 54 2 7.9907 
46 1 2.4916 44 .540 55 2 8.0453 
47 1 2 .5098 45 ,530  5 3 3 .3098 
48 1 2 .5277 46 ,520  6 5 3 .8394 
49 1 2 .5454 47o510 7 3 4 ,2871 
50 1 2 .5628 48 .500  8 3 4 ,6784 
51 1 2 ,5800 49 .490  9 3 5 ,0280 
52 1 2 ,5970 50 ,480  10 3 5 .3453 
53 1 2 .6138 51 .471  11 3 5.6367 
3 2 1,9816 ,44080 12 3 5.9069 
4 2 1,2441 1,1323 13 3 6,1592 
5 2 2,8037 2,2119 14 5 6.3962 
6 2 5.1082 3 , I094  15 3 6 .6200 
7 2 3 .3730 4 .0142 16 3 6 ,8323 
~V 
4'9252 
5,8415 
6,7625 
7,6876 
8,6152 
9.5~80 
10.483 
11,420 
12.359 
13 .301 
i~,245 
15.190 
16.137 
17,086 
18,036 
18,987 
19.940 
20,894 
21,848 
22,804 
23,761 
24,.719 
25.677  
26,637 
27,597  
28.558 
29 .520 
30,482 
31.445 
32,409 
33.373  
34.338 
35 .304 
36,270 
37,236 
38,203 
59,171 
40,138 
41, i07 
42.075  
43,045 
44,014 
44,984 
45.954  
46.925 
47 .896 
48,868 
49,839 
,43657 
1,3104 
2.1891 
3.0733 
3,9628 
4.8574 
5 ,7565 
6 .6597 
7 .5667 
8 .4772 
9 .5908 
10.507  
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n s u ~hv 
17 3 7 .0345 11 .226  
18 3 7 ,2275 12-148  
19 3 7 .4124 15 .072  
20 3 7.5899 13.998  
21 3 7 .7607 14 .926 
22 3 7 ,9254 15 .856 
23 3 8 .0845 16 .787 
24 3 8 .2585 17 .721 
25 3 8 .5877 18 .655 
26 3 8 .5525 19 .592 
27 3 8 .6751 20 .529 
28 5 8 .8099 21 .468 
29 3 8 ,9431 22 .408 
50 3 9.0729 25.350 
31 5 9,1996 24.292 
32 3 9.5233 25.236 
33 3 9 .4441 26 .180 
34 3 9 .5623 27 .125 
35 3 9 .6779 28 .072 
36 3 9 ,7912 29.019 
37 5 9 ,9021 29 .967 
38 5 10 .011 30 .916 
59 3 10o118 31 ,866 
40 5 10 .222 52 .816 
41 3 10 .525 33 .768 
42 3 10 .426 34 .720 
43 3 10 .526 35 ,672 
44 3 10 ,623 36 .626 
45 3 10 .719 37 .579 
46 3 10.814 38 ,534 
47 3 10.907 39 .489 
48 5 10 .998 40 .445 
49 5 I i ,089  41 .401 
50 3 11 .178 42 .358 
51 3 11 .265 43 .315 
52 3 11 .352  44 .273  
53 3 11.437 45.231  
5~. 3 11.521 46.190 
55 5 11 .604 47 .149 
56 3 11.686 48,109 
57 5 11 .767 49°069 
7 4 4 .6364 .43515 
8 4 5 .1999 1 .3055 
9 4 5 .6944 2 .1809 
I0 4 6.1375 3.0592 
II 4 6.5408 3 .9415 
12 4 6 .9119 4 .8277 
13 4 7 .2564 5 .7177 
14 4 7.5787 6,6112 
15 4 7.8818 7 -5080 
16 4 8 ,1684 8,4079 
17 4 8.4404 9,5107 
18 4 8 .6995 10.216  
19 4 8 .9472 11 .124  
20 4 9.1846 12.034 
21 4 9.4126 12.947 
22 4 9.6321 13,852 
23 4 9.8438 14 .778 
24 4 10 .048 15 ,697 
25 4 10.246 16 .617 
n s 
26  4 
27 4 
28 4 
29 4 
30 4 
31 4 
52 4 
33 4 
34 4 
35 4 
36 4 
37 4 
38 4 
39 4 
40 4 
41 4 
42 4 
43 4 
44 4 
45 4 
46 4 
47 4 
48 4 
49 4 
5O 4 
51 4 
52 4 
53 
54 4 
55 4 
56 4 
57 4 
58 4 
59 4 
9 5 
10 5 
11 5 
12 5 
13 5 
14 5 
15 5 
16 5 
17 5 
18 5 
19 5 
20 5 
21 5 
22 5 
23 5 
24 5 
25 5 
26 5 
14:30:11 
u 
10.438 
10.625 
10.806 
10.982 
11.153 
11.321 
11.484 
11.643 
11.799 
11.951 
12.100 
12,246 
12,389 
12.529  
12 .667  
12 .802  
12 .934  
13.064 
15.192 
15.518 
13.442  
13 .564  
13.684 
13.802 
13.918 
14.033 
14.146 
14.257  
14 .367  
14 .476  
14 .5~3 
14.688 
14.792 
14.895  
5 .9625 
6,5461 
7.0704 
7.54S5 
7.9892 
8.3990 
8.7828 
9.1442 
9.4861 
9.8110 
10.121 
10,417  
10 .701  
10,974 
11,257 
11.490 
11.736 
11.973 
12/09 /80  
I v  
17.539  
18 .462  
19 .387  
20 ,314  
21 .242  
22 .171  
23 .101  
24.033 
24.965  
25 .399  
26.854 
27.770 
28.707 
29.644 
30.583 
31.523 
32,463  
53.404 
34.346 
55,289 
36.232 
37.176  
3B,121  
39 .067  
40.013 
40.960 
41.907 
42.855  
43.804 
44.753  
45.702 
46 .653 
47.603 
48.554 
.43465 
1.3047 
2.1770 
3o0521 
3.9305 
4.8117 
5,6961 
6-5836 
7.4738 
8.3668 
9.2624 
lO.iGO 
11o051 
11,963 
12.858 
15.774  
14.683 
15.593 
SL59218 230 
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